Rules for integrands of the form Trig[d + ex]" (a+bTan[d + ex]" + c Tan[d + e x]2")"
1. j(a+bTan[d+ex]"+cTan[d+ex]2")pdlx
1. J(a+bTan[d+ex]“+cTan[d+ex]2")pdlx when b>-4ac=0

1: J‘(a+bTan[d+ex]"+cTan[d+ex]2")pdlx when b?-4ac=0 A pez

Derivation: Algebraic simplification

BaS|S: |f b2—4ac == @,thena+bZ+CZ2 — (bJrif:Z 2

Rule:If b2-4ac=0 A pezthen

J(a+bTan[d+ex]"+cTan[d+ex]2”)pdlx — j(b+2cTan[d+ex]")2pdlx

4P cP

Program code:

Int[(a_+b_.xtan[d_.+e_.*x_]"n_.+c_.xtan[d_.+e_.*x_]”n2_.)"p_.,x_Symbol] :
1/ (4"p*c”p) *Int[ (b+2xcxTan[d+exx]”n) * (2xp) ,x] /;
FreeQ[{a,b,c,d,e,n},x] &% EqQ[n2,2xn] && EqQ[b"2-4xaxc,0] && IntegerQ[p]

Int[ (a_+b_.xcot[d_.+e_.xx_]”n_.+c_.xcot[d_.+e_.xx_]”n2_.)"p_.,x_Symbol] :
1/ (4"p*c”p) *Int[ (b+2xcxCot [d+exx]”n) " (2xp) ,x] /;
FreeQ[{a,b,c,d,e,n},x] &% EqQ[n2,2xn] && EqQ[b"2-4xaxc,0] && IntegerQ[p]

2: J‘(a+bTan[d+ex]"+cTan[d+ex]2")pdlx when b?-4ac=0 A p¢z

Derivation: Piecewise constant extraction

(a+b F[x]+cF[x]?)"
(b+2 c F[x])?2P

Basis: If b2 - 4 a ¢ == 9, then 9, - 0

Rule:If b>-4ac =0 A p ¢z, then



Rules for integrands of the form trig(d+e x)~"m (a+b tan(d+e x)~n+c tan(d+e x)~(2 n))"p

(a+bTan[d+ex]"+cTan[d+ex]?"

p
J(a+bTan[d+ex]"+cTan[d+ex]2")pd1x — ) J(b+2cTan[d+ex]“)2pdx

(b+2cTan[d+ex]“)Zp

Program code:

Int[(a_+b_.xtan[d_.+e_.*x_]”n_.+c_.*xtan[d_.+e_.*x_]”n2_.)"p_,x_Symbol] :=
(a+bxTan[d+e*x]*n+cxTan[d+exx]”" (2xn) ) *p/ (b+2xcxTan[d+exx] " n) ~ (2xp) *Int [ (b+2xcxTan[d+e*xx]"n) " (2xp) ,x] /;
FreeQ[{a,b,c,d,e,n},x] &% EqQ[n2,2xn] && EqQ[b"2-4xaxc,0] && Not[IntegerQ[p]]

Int[(a_+b_.xcot[d_.+e_.x*x_]”n_.+c_.*xcot[d_.+e_.xx_]”n2_.)" p_,x_Symbol] :=
(a+bxCot[d+e*x]*n+cxCot [d+exXx]” (2xn) ) *p/ (b+2xcxCot [d+exx] " n)~ (2xp) *Int [ (b+2xcxCot [d+e*xx] " n) " (2xp) ,Xx] /;
FreeQ[{a,b,c,d,e,n},x] &% EqQ[n2,2xn] && EqQ[b"2-4xaxc,0] && Not[IntegerQ[p]]

2. J(a+bTan[d+ex]"+cTan[d+ex]2")pdlx when b?-4ac+0

1
1:J~
a+bTan[d+ex]"+cTan[d +ex]2"

dx whenb?-4ac#+0

Derivation: Algebraic expansion

D N i ) 1 _ 2c 2cC
Basis: If q= b*-4ac ’then atbz+cz2 = q (b-gq+2cz) q (b+q+2cz)
| |
Rule:If b>-4ac +0,let q=+/b?>-4ac,then

1 2c 1 2c 1
J dx — — dx - — dx
a+bTan[d+ex]"+cTan[d+ex]?" q b-q+2cTan[d+ex]" q b+gq+2cTan[d+ex]"

Program code:

Int[1/(a_.+b_.xtan[d_.+e_.*x_]”n_.+c_.xtan[d_.+e_.*x_]”n2_.),x_Symbol] :=
Module[ {g=Rt [b"2-4xaxc,2]},
2xc/q*Int[1/ (b-q+2xcxTan[d+e*x]”n) ,x] -
2xc/q*Int[1/ (b+q+2xcxTan[d+exx]”n),x]] /;

FreeQ[{a,b,c,d,e,n},x] &% EqQ[n2,2xn] && NeQ[b"2-4xaxc,0]



Rules for integrands of the form trig(d+e x)~"m (a+b tan(d+e x)~n+c tan(d+e x)~(2 n))"p

Int[1/(a_.+b_.xcot[d_.+e_.*x_]”n_.+c_.xcot[d_.+e_.*x_]"n2_.),x_Symbol] :=
Module[ {q=Rt[b”2-4xaxc,2]},
2xc/qxInt[1/ (b-q+2xcxCot [d+exXx] " n) ,x] -
2xc/q*Int[1/ (b+q+2xcxCot [d+exx]”n),x]] /;

FreeQ[{a,b,c,d,e,n},x] & & EqQ[n2,2xn] && NeQ[b"2-4xaxc,0]

2. jsin[d+ex]"‘ (a+b (fTan[d+ex])" +c (-FTan[d+ex])2")pd1x

1: fsin[d+ex]” (a+b (fTan[d+ex])"+c (fTan[d+ex])2")pdlx when fez

Derivation: Integration by substitution

Basis: Sin[z]? == J_ir;nm[z%

Basis: If % e Z,then

Sin[d+ex]"F[fTan[d+ex]] = £Subst XERIX] oy, FTan[d+ex]} Ox (fFTan[d + e x])

LE N

('F2+X2> 2

Rule: If% e 7, then

5 f X" (a+bx"+cx?")?
sin[d+ex]" (a+b (fTan[d+ex])"+c (FTan[d+ex])*")Pdx — —Subst[ dx, X, fTan[d+ex]]
e 11
('F2+X2)2

Program code:

Int[sin[d_.+e_.+x_]"m_x(a_.+b_.x(f_.«tan[d_.+e_.#x_])"n_.+c_.+(f_.+tan[d_.+e_.*x_])”n2_.)"p_,x_Symbol] :
f/exSubst [Int[x mx (a+bsxx"n+cxx” (24n) ) ~p/ (FA2+4x72) A (m/2+1) ,x] ,x, F+Tan[d+exx]] /;
FreeQ[{a,b,c,d,e,f,n,p},x] & EqQ[n2,2«n] & IntegerQ[m/2]

Int[cos[d_.+e_.*x_]"m_x(a_.+b_.x(f_.xcot[d_.+e_.#x_]) n_.+c_.*(f_.*cot[d_.+e_.+x_])"n2_.)"p_,x_Symbol] :
-f/exSubst[Int [x mx (a+bxx n+csx” (2xn) ) p/ (£ 2+x72) " (m/2+1) ,x],x,FxCot[d+exx]] /;
FreeQ[{a,b,c,d,e,f,n,p},x] & EqQ[n2,2«n] & IntegerQ[m/2]



Rules for integrands of the form trig(d+e x)~"m (a+b tan(d+e x)~n+c tan(d+e x)~(2 n))"p 4

2: JSin[d+ex]"‘ (a+bTan[d+ex]"+cTan[d+ex]>")"dx Whenm;—lez A %ez APpEZ

Derivation: Integration by substitution

Basis: Tan[z]2 -- 1=Coslz]®

" Cos[z]?
Basis: If % €eZ A % ez,then

Sin[d+ex]"F[Tan[d+ex]"] ———iSubst“l—xz)mle[ll—xzﬁ}, X, Cos[d+ex] | 0xCos[d+ex]

Xn
Rule:If ™% ez A & €z A p ez,then

)T (ax2"+bxt (1-32)"2 4 ¢ (1-2)")P

Xan

dx, x, Cos[d + ex]]

1 1-x2
JSin[d+ex]'" (a+bTan[d+ex]"+cTan[d+ex]*")?dx — —ESubst[J(

Program code:

Int[sin[d_.+e_.*x_]"m_.*(a_.+b_.»tan[d_.+e_.*x_]"n_.+c_.stan[d_.+e_.*x_]"n2_.)"p_.,x_Symbol] :=

Module [ {g=FreeFactors[Cos [d+exX],X]},

-g/e*Subst[Int[ (1-g*2%x"2) " ((m-1) /2) xExpandToSum[a* (g*X) ~ (2%n) +bx (g*X) *n* (1-g"2xx"2) ~(n/2) +C* (1-8"2xx"2) *n,x] *p/ (g*X) * (2*n*p) ,X] ,X,Cos [d+!
FreeQ[{a,b,c,d,e},x] & EqQ[n2,2xn] && IntegerQ[ (m-1)/2] && IntegerQ[n/2] && IntegerQ[p]

Int[cos[d_.+e_.x*x_]”m_.x(a_.+b_.xcot[d_.+e_.x*x_]”n_.+c_.xtan[d_.+e_.*x_]”n2_.)"p_.,x_Symbol] :=

Module [ {g=FreeFactors[Sin[d+exx],x]},

g/exSubst [Int[ (1-g"2%xx72) " ((m-1) /2) *xExpandToSum[ax (gxX) ~ (2xNn) +b* (gxX) N (1-g" 2xX*2) A (N/2) +C* (1-g*2%x"2) *n,x]*p/ (8*X) ~ (2xn%p) ,X] ,X,Sin[d+e:
FreeQ[{a,b,c,d,e},x] &% EqQ[n2,2xn] && IntegerQ[ (m-1) /2] && IntegerQ[n/2] && IntegerQ[p]



Rules for integrands of the form trig(d+e x)~"m (a+b tan(d+e x)~n+c tan(d+e x)~(2 n))"p

3. |Cos[d+ex]" (a+bTan[d+ex]"+cTan[d+ex]*")?dx

1: [Cos[d+ex]" (a+bTan[d+ex]"+cTan[d+ex]*")?dx when fez

Derivation: Integration by substitution

e 2 1

Basis: Cos[z]“ == TTaniz]?

Basis: If% e Z,then

Cos[d+ex]"F[fTan[d+ex]] = 1Cr"e—flsubst <—2F[12])m—+1, X, fTan[d+ex]} Ox (fFTan[d + e x])
f2+x?%) 2

Rule: If% € Z,then

£+l (a+bx"+cx")?
Cos[d+ex]" (a+bTan[d+ex]"+cTan[d+ex]*")?dx — Subst[ - dx, x,-FTan[d+ex]]
€ (F2+x2)z"t

Program code:

Int[cos[d_.+e_.*x_]"m_x(a_.+b_.x(f_.xtan[d_.+e_.#x_]) n_.+c_.*(f_.+tan[d_.+e_.*x_])"n2_.)"p_.,x_Symbol] :
A (m+1) /exSubst [Int[ (a+bxx n+cxx” (2xn)) ~p/ (FA2+x72) ~ (m/2+1) ,x],x, fxTan[d+exx]] /;
FreeQ[{a,b,c,d,e,f,n,p},x] && EqQ[n2,2«n] && IntegerQ[m/2]

Int[sin[d_.+e_.#x_]"m_x(a_.+b_.x(f_.xcot[d_.+e_.#x_])"n_.+c_.*(f_.xcot[d_.+e_.»x_])"n2_.)"p_.,x_Symbol] :
-f~ (m+1) /exSubst[Int [ (a+bsx n+cxx” (2xn))~p/ (£A2+x72) A (m/2+1) ,x] , X, F+Cot [d+exx]] /;
FreeQ[{a,b,c,d,e,f,n,p},x] && EQQ[n2,2xn] && IntegerQ[m/2]



Rules for integrands of the form trig(d+e x)~"m (a+b tan(d+e x)~n+c tan(d+e x)~(2 n))"p

2: J‘Cos[d+ex]m (a+bTan[d+ex]"+cTan[d+ex]>")"dx Whenm;—lez A %ez APpEZ

Derivation: Integration by substitution

Basis: Tan[z]? == %ﬁ%

Basis: If % €eZ A % ez,then

Cos[d+ex]"F[Tan[d +ex]"] == %Subst“l—xz)mle{ﬁ}, X, Sin[d+ex] | 65xSin[d + e x]
1-x2)2

Rule:If =% ez A & €z A p ez,then

jCos[d+ex]m (a+bTan[d+ex]"+cTan[d+ex]?")Pdx — lSubst[j(l—xz) M2nPD 2 (ex?" 4+ bx" (1-x%)"?+a (1-x%)")Pax, x, Sin[d+ex]]
e

Program code:

Int[cos[d_.+e_.*x_]”m_=*(a_.+b_.xtan[d_.+e_.*x_]”n_.+c_.xtan[d_.+e_.*x_]"n2_.)"p_.,x_Symbol] :=

Module [ {g=FreeFactors [Sin[d+exx],x]},

g/exSubst [Int[ (1-g"24x"2) " ((m-2xnxp-1) /2) xExpandToSum[CX" (2xn) +bxx"n+ (1-x"2) A (n/2) +a* (1-x*2) *n,x]"p,x],X,Sin[d+exx] /g]] /;
FreeQ[{a,b,c,d,e},x] & EqQ[n2,2xn] && IntegerQ[ (m-1)/2] && IntegerQ[n/2] && IntegerQ[p]

Int[sin[d_.+e_.*x_]"m_x(a_.+b_.xcot[d_.+e_.#x_]"n_.+C_.+cot[d_.+e_.*x_]"n2_.)" p_.,x_Symbol] :=

Module [ {g=FreeFactors [Cos [d+e*Xx],X]},

-g/exSubst [Int[ (1-g"2xx"2) " ( (m-2xnxp-1) /2) xExpandToSum[c*X”" (2xn) +b*x*n* (1-x*2)~(n/2) +a* (1-x*2) *n,x] *p,x] ,X,Cos [d+exx]/g]] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[n2,2xn] && IntegerQ[ (m-1) /2] && IntegerQ[n/2] && IntegerQ[p]



Rules for integrands of the form trig(d+e x)~"m (a+b tan(d+e x)~n+c tan(d+e x)~(2 n))"p

4. |Tan[d+ex]" (a+bTan[d+ex]"+cTan[d+ex]*")?dx
1. |Tan[d+ex]" (a+bTan[d+ex]"+cTan[d+ex]?")?dx when b>-4ac=0

1: |[Tan[d+ex]" (a+bTan[d+ex]"+cTan[d+ex]?")Pdx when b’ -4ac=0 A pez

Derivation: Algebraic simplification

Basis: If b2 -4 ac ==9,thena+bz+cz? = j%ﬁ

Rule:If b>-4ac=0 A p ez, then

fTan[d+ex]’" (b+2cTan[d+ex]")2pd1x

JTan[d+ex]"‘ (a+bTan[d+ex]"+cTan[d+ex]*")Pdx —
4P cP

Program code:

Int[tan[d_.+e_.*x_]"m_.*(a_.+b_.xtan[d_.+e_.*x_]1”n_.+c_.xtan[d_.+e_.*x_]"n2_.)" p_,x_Symbol] :
1/ (4"p*c”p) *Int[Tan[d+exx]mx (b+2xcxTan[d+e*Xx]"n) " (2xp) ,x] /;
FreeQ[{a,b,c,d,e,m,n},x] & & EqQ[n2,2xn] && EqQ[b”2-4xaxc,0] & & IntegerQ[p]

Int[cot[d_.+e_.*x_]"m_.*(a_.+b_.xcot[d_.+e_.*x_]1”n_.+c_.xcot[d_.+e_.x*x_]"n2_.)" p_,x_Symbol] :
1/ (4”p*c”p) *Int[Cot [d+e*xx] mx (b+2xcxCot [d+exx]~n)~ (2xp) ,Xx] /;
FreeQ[{a,b,c,d,e,m,n},x] && EqQ[n2,2xn] && EqQ[b”2-4xaxc,0] & & IntegerQ[p]

2: |[Tan[d+ex]" (a+bTan[d+ex]"+cTan[d+ex]*")’dx whenb’-4ac=0 Ap¢z

Derivation: Piecewise constant extraction

(a+b F[x]+c F[x]2)"

(b+2 c F[x])2P =0

Basis: If b2 - 4 a c == 9, then 9,

Rule:If b2-4ac =0 A p ¢ Z,then



Rules for integrands of the form trig(d+e x)~"m (a+b tan(d+e x)~n+c tan(d+e x)~(2 n))"p

(a+bTan[d+ex]"+cTan[d+ex]?"

p
JTan[d+ex]"‘ (a+bTan[d+ex]"+cTan[d+ex]*")?dx — ) JTan[d+ex]’“ (b+2cTan[d+ex]")2pdlx

(b+2cTan[d+ex]“)Zp

Program code:

Int[tan[d_.+e_.*x_]"m_.*(a_.+b_.xtan[d_.+e_.*x_]”n_.+c_.xtan[d_.+e_.x*x_]"n2_.)"p_,x_Symbol] :=
(a+bxTan[d+e*x]*n+cxTan[d+exx]”" (2xn) ) *p/ (b+2xcxTan[d+exx]*n) ~ (2xp) *Int [Tan[d+exXx] m* (b+2xcxTan[d+exx]~n) ~ (2xp) ,X] /;
FreeQ[{a,b,c,d,e,m,n,p},x] &% EqQ[n2,2xn] && EqQ[b”"2-4xaxc,0] && Not[IntegerQ[p]]

Int[cot[d_.+e_.x*x_]"m_.*(a_.+b_.xcot[d_ .+e_.xx_]”n_.+c_.xcot[d_.+e_.x*x_]”n2_.)"p_,x_Symbol] :=
(a+bxCot[d+e*x]*n+cxCot [d+exx] " (2xn) ) *p/ (b+2xcxCot [d+exx] " n)~ (2xp) *Int [Cot [d+exXx]m* (b+2xcxCot [d+exx]~n)~ (2xp) ,X] /;
FreeQ[{a,b,c,d,e,m,n,p},x] &% EqQ[n2,2xn] && EqQ[b”"2-4xraxc,0] && Not[IntegerQ[p]]

2: JTan[d+ex]’" (a+b (fTan[d+ex])"+c (fTan[d+ex])2")pdlx whenb?-4ac+0

Derivation: Integration by substitution

Basis: Tan[d + e x]"F[f Tan[d + e x] ] = ESubstH )" B, X, fTan[d+ex]]| ox (fTan[d +ex])

2,527

Rule: If b2 - 4 ac # 0, then

p

, f xym (@a+bx"+cx?")
JTan[d+ex]’“(a+b(-FTan[d+ex])"+c(fTan[d+ex]) ")pdlx—> —Subst[J(—) d]x,x,fTan[d+ex]]
e f 2 + x?

Program code:

Int[tan[d_.+e_.#x_]"m_.*(a_.+b_.# (f_.xtan[d_.+e_.»x_]) n_.+c_.(f_.«tan[d_.+e_.*x_])"n2_.)"p_,x_Symbol] :=
f/exSubst [Int[ (x/f) “mx (a+bxx n+cxx” (2xn)) *p/ (£ 2+x~2) ,x],x,f+Tan[d+exx]] /;
Fr‘eeQ[{a,b,c,d,e,f,m,n,p},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0]

Int[cot[d_.+e_.*x_]"m_.*(a_.+b_.x(f_.xcot[d_.+e_.*x_])"n_.+c_.(f_.xcot[d_.+e_.*x_])"n2_.)"p_,x_Symbol] :=
-f/exSubst [Int[ (x/f) "m« (a+bxx n+cxx” (2xn)) ~p/ (£12+x"2) ,x],x, fxCot [d+exx]] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && EqQ[n2,2+n] && NeQ[b 2-4xaxc,0]



Rules for integrands of the form trig(d+e x)~"m (a+b tan(d+e x)~n+c tan(d+e x)~(2 n))"p

5. jCot[d+ex]"‘ (a+bTan[d+ex]"+cTan[d+ex]zn)pd1X
1. |Cot[d+ex]" (a+bTan[d+ex]"+cTan[d+ex]?")?dx when b>-4ac=0

1: |Cot[d+ex]" (a+bTan[d+ex]"+cTan[d+ex]?")Pdx when b’ -4ac=0 A pez

Derivation: Algebraic simplification

Basis: If b2 -4 ac ==9,thena+bz+cz? = j%ﬁ

Rule:If b>-4ac=0 A p ez, then

fCot[d+ex]” (b+2cTan[d+ex]")2pd1x

JCot[d+ex]’“ (a+bTan[d+ex]"+cTan[d+ex]*")Pdx —
4P cP

Program code:

Int[cot[d_.+e_.*x_]”m_.*(a_.+b_.xtan[d_.+e_.*x_]1”n_.+c_.xtan[d_.+e_.x*x_]”n2_.)"p_.,x_Symbol] :
1/ (4"p*c”p) *Int [Cot [d+exXx]*mx (b+2xcxTan[d+e*Xx]"n) " (2xp) ,X] /;
FreeQ[{a,b,c,d,e,m,n},x] & & EqQ[n2,2xn] && EqQ[b”2-4xaxc,0] & & IntegerQ[p]

Int[tan[d_.+e_.*x_]"m_.*(a_.+b_.xcot[d_.+e_.*x_]1”n_.+c_.xcot[d_.+e_.x*x_]”n2_.)"p_.,x_Symbol] :
1/ (4"p*c”p) *Int[Tan[d+e*x] mx (b+2xcxCot [d+exx]”n)~ (2xp) ,x] /;
FreeQ[{a,b,c,d,e,m,n},x] && EqQ[n2,2xn] && EqQ[b”2-4xaxc,0] & & IntegerQ[p]

2: |cot[d+ex]" (a+bTan[d+ex]"+cTan[d+ex]*")’dx whenb’-4ac=0 Ap¢z

Derivation: Piecewise constant extraction

(a+b F[x]+c F[x]2)"

(b+2 c F[x])2P =0

Basis: If b2 - 4 a c == 9, then 9,

Rule:If b2-4ac =0 A p ¢ Z,then



Rules for integrands of the form trig(d+e x)~"m (a+b tan(d+e x)~n+c tan(d+e x)~(2 n))"p

(a+bTan[d+ex]"+cTan[d+ex]?"

JCot[d+ex]m (a+bTan[d+ex]"+cTan[d+ex]*")?dx —
(b+2cTan[d+ex]")?P

Program code:

Int[cot[d_.+e_.x*x_]"m_.*(a_.+b_.xtan[d_.+e_.*x_]”n_.+c_.xtan[d_.+e_.x*x_]"n2_.)"p_,x_Symbol] :=
(a+bxTan[d+e*x]*n+cxTan[d+exx]”" (2xn) ) ~*p/ (b+2xcxTan[d+exx] " n) ~ (2xp) *Int [Cot [d+exXx] "m* (b+2xcxTan[d+exx]”n) ~ (2xp) ,X] /;
FreeQ[{a,b,c,d,e,m,n,p},x] &% EqQ[n2,2xn] && EqQ[b”"2-4xaxc,0] && Not[IntegerQ[p]]

Int[tan[d_.+e_.*x_]"m_.*(a_.+b_.xcot[d_.+e_.*x_]”n_.+c_.xcot[d_.+e_.x*x_]”n2_.)"p_,x_Symbol] :=
(a+bxCot[d+e*x]*n+cxCot [d+exx]” (2xn) ) *p/ (b+2xcxCot [d+exx] " n)~ (2xp) *Int[Tan[d+exx]m* (b+2xcxCot [d+exx]~n)~ (2xp) ,X] /;
FreeQ[{a,b,c,d,e,m,n,p},x] &% EqQ[n2,2xn] && EqQ[b”"2-4xraxc,0] && Not[IntegerQ[p]]

2: JCot[d+ex]” (a+bTan[d+ex]"+cTan[d+ex]?")?dx when b>-4ac#0 A gez

Derivation: Integration by substitution

Basis: Tan[z]? == COtIT

Basis:Cot[d+ex]’“F{Tan[d+ex]2} = %Subst{%{i, X, Cot[d+ex] | OxCot[d + e X]

Rule:If b2-4ac+0 A 2 e z,then

dx, X, Cot[d+ex]]

[Jxm‘z"P (c+bx"+ax")P

1
fCot[d+ex]m (a+bTan[d+ex]"+cTan[d+ex]*")Pdx — -—Subst ;
1+x

e

Program code:

Int[cot[d_.+e_.*x_]”m_.x(a_.+b_.xtan[d_.+e_.*x_]”n_+c_.xtan[d_.+e_.xx_]"n2_)~p_.,x_Symbol] :=
Module[ {g=FreeFactors[Cot [d+exXx],X]},
g/exSubst [Int[ (gxX)~ (M-2xn*p) * (C+b* (g*X) *n+ax (g*xx) ~ (2xn) ) *p/ (1+g"2%xx"2) ,x],x,Cot [d+exx]/g]l] /;
FreeQ[{a,b,c,d,e,m,p},x] && EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] & & IntegerQ[n/2]

p
) JCot[d+ex]m (b+2cTan[d+ex]")2pdlx
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Rules for integrands of the form trig(d+e x)~"m (a+b tan(d+e x)~n+c tan(d+e x)~(2 n))"p

Int[tan[d_.+e_.*x_]”m_.x(a_.+b_.xcot[d_.+e_.*x_]”n_+c_.xcot[d_.+e_.xx_]”n2_)~p_.,x_Symbol] :=
Module[ {g=FreeFactors[Tan[d+exXx],Xx]},
-g/exSubst [Int[ (gxX)~ (M-2xn*p) * (C+b* (gxX) *n+ax (g*xX) ~ (2xn) ) *p/ (1+8”2xx*2) ,x],X,Tan[d+exx]/g]] /;
FreeQ[{a,b,c,d,e,m,p},x] & EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] & IntegerQ[n/2]

6. j(A+BTan[d+ex]) (a+bTan[d+ex] +cTan[d+ex]?)"dx
1. J(A+BTan[d+ex]) (a+bTan[d+ex] +cTan[d+ex]?)"dx when b -4ac==0

1: j(A+BTan[d+ex]) (a+bTan[d+ex] +cTan[d+ex]?)"dx whenb’®-4ac=0 Anez

Derivation: Algebraic simplification

Basis: If b2 -4 ac == 0,thena+bz+cz2 = (b2cz)?
4c

Rule:If b2-4ac =0 A n e Z,then

1

4I’I cn

J(A+BTan[d+ex]) (a+bTan[d+ex] +cTan[d+ex]?)"dx — f(A+BTan[d+ex]) (b+2cTan[d +ex])2"dx

Program code:

Int[ (A_+B_.xtan[d_.+e_.xx_])*(a_+b_.xtan[d_.+e_.*x_J+c_.xtan[d_.+e_.*x_]"2)”n_,x_Symbol] :=
1/ (4*nxc”n) *Int[ (A+BxTan[d+e*x]) = (b+2xcxTan[d+exx] )~ (2%n) ,x] /;
FreeQ[{a,b,c,d,e,A,B},x] && EqQ[b”"2-4xaxc,0] && IntegerQ[n]

Int[ (A_+B_.xcot[d_.+e_.xx_])*(a_+b_.xcot[d_.+e_.xx_]+c_.xcot[d_.+e_.xx_]"2)”n_,x_Symbol] :=
1/ (4*nxc”n) *Int[ (A+BxCot[d+exx]) * (b+2xcxCot [d+exx] )" (2%n) ,Xx] /;
FreeQ[{a,b,c,d,e,A,B},x] && EqQ[b"2-4xaxc,0] && IntegerQ[n]

2: j(A+BTan[d+ex]) (a+bTan[d+ex] +cTan[d+ex]?)"dx whenb’®-4ac=0 An¢z

Derivation: Piecewise constant extraction

11



Rules for integrands of the form trig(d+e x)~"m (a+b tan(d+e x)~n+c tan(d+e x)~(2 n))"p

n

(a+b F[x]+c F[x]?)
(b+2 c F[x])2"

Basis: If b%> - 4 a ¢ == 0, then 9, =0

Rule:If b2-4ac==0 A n¢Z,then

(a+bTan[d+ex] +cTan[d+ex]?)"

J(A+BTan[d+ex]) (a+bTan[d+ex] +cTan[d+ex]?)"dx — J(A+BTan[d+ex]) (b+2cTan[d+ex])2"dx

(b+2cTan[d+ex])2"

Program code:

Int[(A_+B_.xtan[d_.+e_.x*x_])*(a_+b_.xtan[d_.+e_.*xx_]+c_.xtan[d_.+e_.*x_]72)"n_,x_Symbol] :=
(a+bxTan[d+exx] +cxTan[d+exx]"2)*n/ (b+2xcxTan[d+exx] )~ (2%n) *Int[ (A+BxTan[d+exx]) * (b+2xcxTan[d+exx] )~ (2xn) ,x] /;
FreeQ[ {a,b,c,d,e,A,B},x] & & EqQ[b"2-4xaxc,0] && Not[IntegerQ[n]]

Int[(A_+B_.xcot[d_.+e_.xx_])*(a_+b_.xcot[d_.+e_.*xx_]+c_.xcot[d_.+e_.xx_]72)”n_,x_Symbol] :=
(a+bxCot[d+exx] +cxCot [d+exx]"2)*n/ (b+2xcxCot [d+exx]) "~ (2%n) *xInt[ (A+BxCot [d+exx]) * (b+2xcxCot [d+exx]) " (2xn) ,x] /;
FreeQ[{a,b,c,d,e,A,B},x] & & EqQ[b"2-4xaxc,0] && Not[IntegerQ[n]]
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Rules for integrands of the form trig(d+e x)~"m (a+b tan(d+e x)~n+c tan(d+e x)~(2 n))"p

2. J(A+BTan[d+ex]) (a+bTan[d+ex] +cTan[d+ex]?)"dx when b’ -4ac#@

dx when b?-4ac#0

1: A+BTan[d + e Xx]
’ Ja+bTan[d+ex] +cTan[d+ex]?

Derivation: Algebraic expansion

- _ 2 A+B z o bB-2Ac 1
Basis: If q = 1/b?-4ac,then 22— - (B+ : ) braracs * (B -
|
Rule:If b>-4ac +0,let q=+/b?>-4ac,then

bB-2Ac

A+BTan[d +eXx] bB-2Ac 1
j dx — (B+ ]j d1x+(B—

a+bTan[d+ex] +cTan[d +ex]? q b+q+2cTan[d +ex]

Program code:

Int[ (A_+B_.xtan[d_.+e_.xx_])/(a_.+b_.xtan[d_.+e_.xx_]+c_.xtan[d_.+e_.*x_]72),x_Symbol] :

Module [ {q=Rt[b*2-4xaxc,2]},

(B+ (bxB-2xAxc) /q) *Int[1/Simp [b+q+2xcxTan[d+exx],x],Xx] +

(B- (bxB-2xAxc) /q) +Int[1/Simp [b-q+2xcxTan[d+exx],x],x]] /;
FreeQ[ {a,b,c,d,e,A,B},x] & & NeQ[b"2-4xaxc,0]

Int[(A_+B_.xcot[d_.+e_.xx_])/(a_.+b_.xcot[d_.+e_.xx_]+c_.xcot[d_.+e_.xx_]"2),x_Symbol] :

Module[{q=Rt[b*2-4xaxc,2]},

(B+ (bxB-2xAxc) /q) *Int[1/Simp [b+q+2xcxCot [d+exx],Xx],Xx] +

(B- (bxB-2xAxc) /q) +Int[1/Simp [b-q+2xcxCot [d+exx],Xx],Xx]] /;
FreeQ[{a,b,c,d,e,A,B},x] & NeQ[b"2-4xaxc,0]

b-q+2cTan[d+eXx]
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Rules for integrands of the form trig(d+e x)~"m (a+b tan(d+e x)~n+c tan(d+e x)~(2 n))"p

2: J(A+BTan[d+ex]) (a+bTan[d+ex] +cTan[d+ex]?)"dx whenb?-4ac#8 Anez

Derivation: Algebraic expansion

Rule:lf b2-4ac+0@ Anez

J(A+BTan[d+ex]) (a+bTan[d+ex] +cTan[d+ex]?)"dx — JExpandTrig[(A+BTan[d+ex]) (a+bTan[d+ex] +cTan[d+ex]?)", x] dx

Program code:

Int[ (A_+B_.xtan[d_.+e_.x*x_])*(a_.+b_.xtan[d_.+e_.xx_]+c_.xtan[d_.+e_.xx_]"2)"n_,x_Symbol]
Int[ExpandTrig[ (A+Bxtan[d+exX]) » (a+bxtan[d+exx]+cxtan[d+exx]*2)"n,x],x] /;
FreeQ[{a,b,c,d,e,A,B},x] && NeQ[b”"2-4xaxc,0] &% IntegerQ[n]

Int[ (A_+B_.xcot[d_.+e_.xx_])*(a_.+b_.xcot[d_.+e_.xx_]+c_.xcot[d_.+e_.xx_]"2)"n_,x_Symbol]
Int [ExpandTrig[ (A+Bxcot[d+exx] )« (a+bxcot[d+exx]+cxcot [d+exx]"2) n,x],x] /;
FreeQ[{a,b,c,d,e,A,B},x] && NeQ[b”"2-4xaxc,0] &% IntegerQ[n]
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